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Abstract
The properties of an hyperbolically-expanding wormhole are studied.
Using a particular equation of state for the fluid on the wormhole throat,
we reached an equation of motion for the throat that leads to a constant
surface energy density σ. The Lagrangean leading to the above equation
of motion contains the ”rest mass” of the expanding particle as a poten-
tial energy. The associated Hamiltonian corresponds to a relativistic free
particle of a total Planck energy EP . When the wormhole is embedded
in de Sitter space, we found that the cosmological constant is of Planck
order but hidden at very tiny scales, in accordance with Carlip’s recipe.
1 Introduction
As everything gravitates, we have to keep track of the vacuum energy, the energy
of quantum fluctuations of empty space. Its gravitational effects should manifest
as a cosmological constant Λ [1]. The problem is that simple evaluations give a
cosmological constant (CC) which is 120 orders of magnitude larger than what
observes at the cosmological scale (for example, from the accelerated expansion
of the Universe). As Carlip [2] (see also [3]) has noticed, the trouble comes from
the mixing of scales. Λ is generated at Planck scale but observed at cosmological
scale. He proposed a new, simple alternative: our Universe does have a CC of
the order of Planck’s value, due to the ”spacetime foam” picture [4], which is
not, of course, homogeneous, so that the model is not ruled out by observations.
The nontrivial topological structure of the spacetime at the Planck scale
enforces the presence of wormholes (WH), i.e. hypersurfaces that connect two
asymptoticall-flat spacetimes [5, 6, 7, 8, 9]. Redmount and Suen [10, 11] con-
sidered a ”Minkowski WH geometry” as a model for topological fluctuations
within the Planck scale spacetime foam. Their simple WH geometry seems to
be unstable against grouth to macroscopic size.
We investigate in this paper a slightly modified version of the dynamic RS
wormhole, taking a different equation of state of the boundary fluid and show
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that its throat evolves hyperbolically. The equation of motion of the expanding
”bubble” of the time-dependent mass is a hyperbola which macroscopically be-
comes the Minkowski light cone. We built the gravitational action from which
the equation of motion may be derived and found the corresponding Hamilto-
nian which proves to be a constant (Planck energy).
Throughout the paper geometrical units G = c = ~ = 1 are used, excepting
otherwise specified.
2 Equation of motion of the throat
Although at macroscopic scales the spacetime appears smooth and simply con-
nected, on Planck length scales it fluctuates quantum-mechanically, developing
all kinds of topological structures, including WHs. A microscopic WH may be
extracted from the foam to give birth to a macroscopic traversable WH. Red-
mount and Suen [10, 11] see Lorentzian spacetime filled with many microscopic
WHs. They found those WHs are quantum-mechanically unstable, like a classi-
cal stable black hole which however undergoes quantum Hawking evaporation.
RS constructed a spherically-symmetric ”Minkowski wormhole” by excising a
sphere of radius r = R(t) (t - the Minkowski time coordinate) from two copies of
the Minkowski space, identifying the two boundary surfaces r = R(t). To obey
Einstein’s equations a surface stress tensor on the boundary Σ was introduced.
Outside the boundary both exterior spacetimes are flat. The boundary plays
the role of the WH throat and the Einstein equations are equivalent with the
Lanczos equations [7]
− 8piSij =
[
Kij − δijK ll
]
(2.1)
with Sij the surface stress tensor (here i, j = τ, θ, φ), K
l
l - the trace of the
extrinsic curvature of the boundary Σ and [...] stands for the jump of Kij when
the boundary is crossed; namely, [Kij ] = K
+
ij −K−ij = 2K+ij in our situation.
Let us find now the extrinsic curvature tensor of the surface F ≡ r−R(t) = 0.
The spacetime metric is Minkowskian and the geometry on Σ can be written as
ds2Σ = −dτ2 +R2dΩ2 (2.2)
where dτ =
√
1− R˙2dt, τ is the proper time on Σ and R˙ = dR/dt. The velocity
4-vector is
ub =
dxb
dτ
=
(
dt
dτ
,
dR
dτ
, 0, 0
)
(2.3)
with ubub = −1. The unit normal to Σ may be found from (2.3) and the
relations nbnb = 1 and n
bub = 0. The velocity u
b from (2.3) yields
ub =
(
1√
1− R˙2
,
R˙√
1− R˙2
, 0, 0
)
(2.4)
whence
nb =
(
− R˙√
1− R˙2
,
1√
1− R˙2
, 0, 0
)
(2.5)
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The second fundamental form of Σ may be obtained from [12]
Kij =
∂xa
∂ξi
∂xb
∂ξj
∇anb, (2.6)
where ξi = (τ, θ, φ) are the coordinates on Σ and the operator ”nabla” is applied
in Minkowski space in four dimensions.
Eq. (2.6) gives the following components of the second fundamental form
Kττ = − R¨
(1− R˙2)3/2 , Kθθ =
R√
1− R˙2
=
Kφφ
sin2θ
, (2.7)
with the trace
K ≡ Kii =
R¨
(1− R˙2)3/2 +
2
R
√
1− R˙2
. (2.8)
Using (2.7) and (2.8), Eqs. (2.1) give us
Sττ = − 1
2piR
√
1− R˙2
, Sθθ =
R
4pi
√
1− R˙2
+
R2R¨
4pi(1− R˙2)3/2 =
Sφφ
sin2θ
. (2.9)
Supposing that Sij on the throat corresponds to a perfect fluid
Sij = (ps + σ)uiuj + pshij (2.10)
where hij = diag(−1, R2, R2sin2θ) is the metric on the boundary, we have
σ = Sττ for the surface energy density and ps = Sθθ/R
2 for the surface pressure.
To find the equation of motion for the throat, we need now an equation
of state relating σ and ps. RS chose σ = −4ps as equation of state but in
this case the action integral (whence the equation of motion was obtained)
has a complicate ”kinetic term”. Our choice for the equation of state is simply
ps = −σ, as for a domain wall [13] because one seems to be the most appropriate
conjecture for a Lorentz-invariant vacuum. That choice leads to the equation of
motion
RR¨+ R˙2 − 1 = 0, (2.11)
which has the solution
R(t) =
√
t2 + b2, (2.12)
using appropriate initial conditions (Rmin = b, which is taken to be the Planck
length).
3 Free particle energy
By means of (2.9), the expression (2.12) for R(t) yields
σ = −ps = − 1
2pib
= const. (3.1)
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From (2.12) we also have
1− R˙2 = b
2
R2
, R¨ =
b2
R3
. (3.2)
Therefore, the component of the acceleration of the throat, normal to Σ will be
[7]
A⊥ ≡ nbAb = −Kττ = 1
b
= −2piσ > 0, (3.3)
where Ab is built with ub from (2.4). So we obtained the same evolution of the
WH throat as Ipser and Sikivie for their domain wall which in Minkowskian
coordinates is not a plane at all but rather an accelerating sphere, expanding
with the acceleration 2pi|σ|.
A remark is in order here. The radial null geodesics (6.4) from [9] are
similar with the equation of motion (2.12) of the dynamic WH throat. Note
that the spacetime (2.2) from [9] is curved and the region r < b is absent from
the manifold. We identify the two processes and assume that actually the null
particles are carried by the WH throat during their propagation (see also [14]).
In other words, the throat turns out to play the role of a de Broglie pilot wave,
dragging the null particles with it. The observed absence of macroscopic WHs
may be due to their very fast expansion (R(t) ≈ t for t >> b) and their energy
is spread out on larger and larger volumes.
The gravitational action corresponding to (2.12), obtained from the integral
of the scalar curvature plus the surface term, may be written as
S = −
∫
b2
R
√
1− R˙2dt, (3.4)
whence the Lagrangean is given by
L = −b
2
R
√
1− R˙2 (3.5)
(the factor b2 is necessary for L to get units of length). The action (3.4) gives a
model with features like those of a relativistic free particle. Moreover, when S
- which is invariant - is expressed in terms of the proper time, with 0 ≤ τ <∞,
one obtains pi~/2 ≥ S > 0.
It is worth noting that, when R˙ << 1, L acquires the form
L ≈ −b
2
R
(1− R˙
2
2
) =
Mv2
2
−Mc2, (3.6)
where v(t) = R˙ and M(t) = b
2
R(t) . We observe that the second term from the
r.h.s. of (3.6) plays the role of a time dependent ”rest” (potential) energy of the
expanding ”particle”.
The canonical momentum will be
p =
∂L
∂R˙
=
b2R˙
R
√
1− R˙2
=
Mv√
1− v2 (3.7)
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which yields the Hamiltonian
H = pR˙− L = b
2
R
√
1− R˙2
=
M√
1− v2 (3.8)
To find the direct relation between p and H we get rid of R˙ from the last two
equations to obtain
H =
√
p2 +
(
b2
R
)2
. (3.9)
Inserting all fundamental constants, we again see that b2/R = ~/cR plays the
role of a massM(t) of the ”particle” (expanding WH throat in our case), namely
M(t) = ~/cR(t). So R(t) = ~/M(t)c appears to be the Compton wavelength
associated to the mass M(t). For t >> b, R(t) ≈ t so that Mc2t = ~, which
looks like an uncertainty relation. One could also see from (3.8) that H has
the form of a Lorentz-boosted energy. This simple WH geometry seems to
represent a spacetime foam structure unstable against growth to macroscopic
size [10]. When (2.12) is used in the expression for the expanding throat energy
(3.8), we get H = b = EP , where EP is the Planck energy. In other words, the
total energy of the expanding ”bubble” remains constant, although the mass M
and p are time-dependent. That is possible because, while M decreases with
time, p increases and so there is a perfect compensation between them. When
the action (3.4) is expressed in terms of the proper time and by means of (2.12),
one obtains
S = −
∫
b
cosh τb
dτ = b2arcsin
(
1
cosh τb
)
, (3.10)
with 0 ≤ τ < ∞. We get that pi~/2 > S > 0. In addition, as a function of
variable τ only, S is an invariant.
4 The cosmological constant
Let us consider now the previous WH embedded in a de Sitter (dS) spacetime.
We are no longer dealing with a ”Minkowski wormhole”. The ”dS wormhole”
is obtained by excising a sphere of radius r = R(t) from two copies of the dS
space. Outside the boundary both exterior spaces are dS, with the same horizon
radius. Due to the horizon, some restrictions will be imposed on R(τ), where τ
is the proper time on the throat.
The junction conditions for the system de Sitter - Schwarzschild have been
studied, among others, by Blau, Guendelman and Guth [15], so that we will use
their model and adopt the calculations in our situation. As we stated previously,
we have [Kij ] = K
+
ij −K−ij = 2K+ij in our conditions, because of the symmetry
(see, for example, [16]). Keeping in mind that we study the motion of the WH
throat (a domain wall with ps = −σ > 0), we get from the junction condition
for Kθθ
2
√
1− χ2R2 +R′2 = −4piσR, (4.1)
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where R′ = dR/dτ, χ2 = Λ/3 and Λ > 0 is the cosmological constant. We
notice that (4.1) has R(τ) = b cosh(τ/b) as a solution (with R(0) = b as initial
condition) provided
b2(χ2 + g2) = 1, (4.2)
with the acceleration g = 2pi|σ|, χ < 1/b (or Λ < 3/b2) and g < 1/b.
The metric on the WH throat may be written now
ds2Σ = −dτ2 + b2cosh2
τ
b
dΩ2, (4.3)
which is the closed dS space in three dimensions. It is worth noting that three
parameters are encountered here: χ, g and b. Dealing with WHs expanding from
the Planck world, b has been chosen of the order of the Planck length. From
(4.2) we get χ = (1/b)
√
1− b2g2 whence one sees that Λ reaches its Planck
value when g << 1/b.
Let us express now the expanding WH throat radius in terms of the coordi-
nate time t (the equivalent of Eq.2.12). From the static dS metric [15] and the
equation of the surface Σ, r = R(τ), one obtains that
dt
dτ
=
√
1− χ2R2 +R′2
1− χ2R2 (4.4)
whence
dt
dτ
=
√
1− χ2b2 cosh τb
1− χ2b2cosh2 τb
(4.5)
with cosh τb < 1/bχ. Eq. 4.5 could be easily integrated and gives us
(α + βtanh τ2b ) (β − αtanh τ2b )
(α − βtanh τ2b ) (β + αtanh τ2b )
= e2χt, (4.6)
with tanh(τ/2b) < α/β, τ(0) = 0, α =
√
1− bχ and β = √1 + bχ. We have
further
χ
g
sinh
τ
b
= tanh χt, (4.7)
that yields
R(t) = b
√
1 +
g2
χ2
tanh2 χt. (4.8)
As a consistency check, we take above χ = 0 (the Minkowski case). Having 0/0
in (4.8), we ought to consider the limit when χ→ 0 and get
R(t) = b
√
1 + g2t2. (4.9)
But χ = 0 gives g = 1/b and so the equation of motion (2.12) is recovered, as
expected.
We know that the condition R < 1/χ must be obeyed. In addition, χ < 1/b
and, therefore, one obtains Rmax = (1 + bχ)/2χ. In the asymptotically flat
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situation (χ = 0), we get Rmax →∞, as it should be according to (2.12), when
t→∞.
Let us check now the energy constraint equation[17], obtained from the 3+1
decomposition of Einstein’s equations, when the matter contribution is over-
looked w.r.t. Λ
3R−K2 +KijKji − 2Λ = 0, (4.10)
where 3R stands for the curvature scalar of Σ with gij from (2.2). Thanks to
the equation R(τ) = b cosh τb , one obtains
Kττ =
R′′ − χ2R√
1− χ2R2 +R′2 = g, K
θ
θ =
√
1− χ2R2 +R′2
R
= g, (4.11)
whence K = 3g and KijK
j
i = 3g
2. From (2.2) we have 3R = 6/b2. Keeping
in mind that Λ = 3/b2 − 3g2, one finds that Eq.4.10 is observed. As far as the
shear tensor
σij = K
i
j −
1
3
δijK (4.12)
is concerned, using the components of the extrinsic curvature tensor one finds
that σij is vanishing. In contrast, the expansion scalar of the fluid on Σ is
constant, with Θ = K = 3g.
We have seen above that Λ takes Planck order values. To measure it, we
have to perform experiments at Planck scale, using an apparatus of the same
order of magnitude; or, the duration of the measurements to be alike. Similar
difficulties arise when one intends to measure the difference between Eq. (2.12)
and the standard equation of the light cone R(t) = t in Minkowski space: b is
too small and the hyperbola is very close to its asymptotes.
5 Conclusions
We investigated in this paper a particular dynamic Lorenzian WH. Using a
different equation of state compared to Redmount and Suen, we found that the
dynamic WH expands hyperbolically in a fashion similar with the Coleman and
de Luccia bubble [18] or Ipser and Sikivie domain wall, i.e. a Lorentz-invariant
expansion. In addition, the Hamiltonian of the system equals the Planck energy
b and corresponds to a relativistic free particle of a time-dependent mass M =
~/cR(t) and a time-dependent momentum p = bt/R(t), in spite of the fact
that its energy is constant. When |σ| is small w.r.t. 1/2pib, a Planck-valued Λ
emerges, in the case ourWH is embedded in dS spacetime, which is in accordance
with Carlip’s conjecture that the CC is huge but hidden at very tiny scales.
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